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This paper is a continuation of [4] where we computed the homology groups with
coefficients of the infinite orthogonal and symplectic groups of an algebraically
closed field F of characteristic #2 and 0.

Since we have also proved in [4] that these homology groups depend only on the
characteristic of F (if it is different from 2), in order to deal with the case of char-
acteristic zero, it is sufficient to compute this homology when F = C. More precisely,
with the notations of [3] and [4], we shall prove the following statement:

Theorem 1. The obvious topological group mmaps O(C)—O(C)*°P, Sp(C)—Sp(C)*°P
and U(C)—U(C)*? induce isomorphisms

H;(BO(C); Z/q)= H;(BO(C)'*?; Z/q),

H;(BSp(C); Z/q)~ H;(BSp(C)"**; Z/q),

H;(BU(C); Z/q)= H;(BU(C)"°?; Z/q).

In this statement, U(C) is ;O(C) with C provided with the complex conjugation
involution [3] and BG'P denotes in general the classifying space of the group G
with its usual topology.

This theorem is proved below along the same lines as the theorem proved in [4],
using essentially the fundamental theorem of Hermitian K-theory [3] and Gabber-
Suslin’s theorem [7]:

K(C;Z/q)=K;®(C; Z/q)
In fact, since we have also K;(R; Z/q)=K;°’(R; Z/q) according to [7], we can

prove in an analogous way the following theorem:

Theorem 2. The topological group maps O(R)—O(R)'°® and Sp(R)—Sp(R)""
induce isomorphisms
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H;(BO(R); Z/q) = H;(BO(R)*; 2/q),
H{(BSp(R); Z/q) = H;(BSp(R)'*"; Z/q).

If we put together Theorems 1 and 2 and some results of K. Vogtmann on the
stability of the homology of these classical groups [8], [9], we get the following
interesting corollary:

Corollary. Let F=IR or C. Then we have the following homology isomorphisms:
H;(BO,,(F); Z/q)=H{(BO,(F)®;Z/q)  for n=3i,
H(BSp,,(F); Z/q) = H,(BSp,,(F)*®; Z/q) for n=3i+3.

The theorems and the corollary give more evidence for the Friedlander-Milnor
conjecture which is still open:

H{(BG;Z/q)=H;(BG'"P;Z/q) for any Lie group G.

Now the Theorems 1 and 2 are consequences of a theorem of a more general
nature which we shall use elsewhere [5]:

Theorem 3. Let A be a Banach algebra with involution. Then

(A)= WP(A), K\(A;Z/q)=K{°"(A;Z/q)
and
Li(A;Z/q)= LP(A; Z/q).

Let us assume moreover that K;(A; Z/q)=K°°(A; Z/q) for 2<i<N; then
LitA;Z/q)=,L°"(A;Z/q) for 2<i<N.

Proof. For simplicity’s sake, let us drop the letter A4 in the notations: we shall write
K; for K(A), K[ for K{°’(A), etc. Following [4] we shall also write K}, .L;, ... for
the groups Ki(4;2/q), .Li(A;Z/q),...

It is clear that the maps ,L,—,L} and ,W, > WP are surjective. Let a e W,
be such that y(a)=0. The argument used in Milnor’s book [6, p. 58] shows that «
is represented by a product of hyperbolic matrices in ,0, ,(A4) of the form

(1 +a,' b,‘
o;=
C; 1+d,'>

where a;, b;, ¢;,d; are nx n matrices close to 0 (for the Banach algebra topology).
Now the argument used in [2, p. 405] shows that ¢; is a product of hyperbolic
matrices and e-elementary matrices. Hence =0 and W, = WP,

We have two exact sequences
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xq xXq

sLl cLl eLl =eL0 ‘;CI‘O
o o l

pov— =9, yrop______, ftop » L Xq L

ekl el - | ek el

Since the kernel of o is generated by matrices of the form 1+ 8 where f is close
to 0, this kernel is g-divisible (consider ]q/l + f3). Therefore oy diagram chasing,
¢Li=,Li°. The same argument shows that K, = K|°".

With the notations of [3] and [4], simple diagram chasing in the diagrams

K, el «Uo — K —.Ly
top top to

Kl eLl evYo P 'KO 'bLO

el > K, > Vo *eLy * Ky
top L K10 , 1/10 N N

eLl 'Kl P TeVO P U:LO "KO

shows that ,U,=,U{°® and that the map ,V,— .V, is surjective with g-divisible
kernel. Let us consider the diagram of exact sequences

xq

sUl — 5Ul > eUI eUO aUO

4
u

xXq _ X q
top N top 5 top > top
£ Ul i Ul e Ul £ UO

top
eUO

According to the fundamental theorem of Hermitian K-theory ([2] and [3D),
U= _.V, and U}~ _,V§°. Therefore, the map U, U is surjective with
g-divisible kernel and the map .U, —,U{°" is an isomorphism. Using the fundamental
theorem of Hermitian K-theory again (the mod g version), we also have an isomo:-
phism V= ,V;° for any ¢.

Finally, if K,= K3°°, the diagram of exact sequences

sLZ > KZ > eVl aLl

N~ . it Lo 10
Liop szp 'eVl 0p_____-"&:Ll P Kl P
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implies the surjectivity of the map ,V,— VP,
For a fixed A and any ¢, let us call (H;) and (H}) the following hypotheses:
Li(A)— ,L°’(4)  is an isomorphism (H)
H) Vi (A~ V/%(A) is an isomorphism i
Vi(A)= . V/P(A)  is an epimorphism.
According to what we have just proved, (H,) is satisfied if N=2. Therefore, it is
sufficient to prove that (H)=(H,,,) if 1<i<N-1 and that (H)=(H;,,) if 1=
isN-1.
Since ,U;=_,¥;_,, and ,U;'P=_, V%, we have the following commutative
diagram with three isomorphisms and one epimorphism

U1 *Ki1 *eLis > U; > K;

it
!l
L]

to . ptop . o » FTtop 5 fPtop
Uith *Kid > Lih R R

if 1<si<N-1. Therefore ,L;,;=~,L!S) by the Five Lemma.
In the same way, assuming again (H;) for 1 <i<N-1, the commutative diagram
of exact sequences

eLi+l PRt > sVi ~ aLi > Ki
7 top , PFlop , irtop , Ftop g
eLi+l _'Kiﬂ 'ei7i+1 ’sLi+l Ki+I

implies . V;=,V/°. Finally, if 1 si<N-1, the diagram of exact sequences

eLisa *Kiy o e Vis oLy K1
F1op , F1op . friop . flo 7 1op
eLivh — Kith = Vst e Lith— K%}

implies the surjectivity of the map 7, ,—, VP,

This proof of Theorem 3 is an illustration of a principle which roughly states that

a general theorem for K;(A; Z/q) implies a general theorem for eLi{A; Z/q). As an
other example we offer the following theorem:

Theorem 4. Let A~ B be a map of rings with involution such that

KolA)=Ko(B),  Lo(A)—.Lo(B), W (A)~,W,(B)
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are isomorphisms, K,A)—K,(B) and L (A)— .L(B) are surjective with q-divisible
kernels ( for all €). Then

Li(A:Z/Q)=,Li(B; Z/q) and K\(A;Z/q)=K\(B;Z/q).

Let us assume moreover that K;(A; Z/q)=K;(B; Z/q) for all i such that 2<i<N
and if q is even that there exists an element A of A such that A+X=1. Then

cLi(A;Z2/q)= . L(B;Z/q) and H;(;0(A); Z/q)=H,(,0(B); Z/q)

forany € and 1<i<N.

The proof of this theorem is completely analogous to that of Theorem 3: we only
have to replace K/°°, .L!%, ..., by K;(B), .L,(B). According to Gabber and Suslin
([1] and [7]), the hypotheses of the theorem are fulfilled when B=A/I where (4, 1)
is a Henselian pair with 1/g € A such that 7 is invariant by the involution and such
that there exists Ae A with A+A=1 (if g is even). For instance,

eLiZ,, Z2/p)= Li(Z/p;Z/q) with p#2 if q is even.

Note. Very recently, J.F. Jardine [10] has proved analogous results using also [2],
[3] and [7]. In particular, he has proved Theorem 1 for O(C) and Sp(C) and a cor-
ollary of Theorem 4 for a Henselian pair (A4, I) where B=A/I is a field.
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